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ORIGINAL ARTICLE
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quadratic and the universal survival curve models for high doses
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Abstract

Background. The validity of the linear-quadratic (LQ) model at high doses has been questioned due to a decreasing 
agreement between predicted survival and experimental cell survival data. A frequently proposed alternative is the uni-
versal survival curve (USC) model, thought to provide a better fit in the high-dose region. The comparison between the 
predictions of the models has mostly been performed for uniform populations of cells with respect to sensitivity to 
radiation. This study aimed to compare the two models in terms of cell survival and tumour control probability (TCP) 
for cell populations with mixed sensitivities related to their oxygenation.
Methods. The study was performed in two parts. For the first part, cell survival curves were calculated with both 
models assuming various homogeneous populations of cells irradiated with uniform doses. For the second part, a real-
istic three-dimensional (3D) model of complex tumour oxygenation was used to study the impact of the differences in 
cell survival on the modelled TCP. Cellular response was assessed with the LQ and USC models at voxel level and a 
Poisson TCP model at tumour level.
Results. For hypoxic tumours, the disputed continuous bend of the LQ survival curve was counteracted by the increased 
radioresistance of the hypoxic cells and the survival curves started to diverge only at much higher doses than for oxic 
tumours. This was also reflected by the TCP curves for hypoxic tumours for which the difference in D50 values for the 
LQ and USC models was reduced from 5.4 to 0.2 Gy for 1 and 3 fractions, respectively, in a tumour with only 1.1% 
hypoxia and from 9.5 to 0.4 Gy in a tumour with 11.1% hypoxia.
Conclusions. For a large range of fractional doses including hypofractionated schemes, the difference in predicted 
survival and TCP between the LQ and USC models for tumours with heterogeneous oxygenation was found to be  
negligible.

Radiobiological models are useful tools in the design 
and evaluation of radiotherapy treatment regimens 
for research purposes as well as in the daily clinical 
practice. Iso-effect calculations in radiotherapy are 
used for treatment comparisons and to estimate the 
required alteration of a fractionation schedule due to 
e.g. unexpected interruptions of treatments. Such 
calculations have often been based on the linear-
quadratic (LQ) model [1] which has been well estab-
lished for the moderate doses per fraction typically 
delivered in conventionally fractionated radiotherapy. 

An increasingly common treatment option for several 
tumour types is stereotactic body radiotherapy 
(SBRT), employing few fractions of high doses. 
There is an ongoing debate on whether the LQ 
model overestimates the cell kill for high doses due 
to the lack of agreement between the observed exper-
imental data and the predicted survival curve [2–4]. 
Consequently, in recent years it has been suggested 
that the LQ model is inappropriate to model the 
response in patients treated with SBRT. A frequently 
proposed alternative is the universal survival curve 
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(USC) model, which is an empirical joining of the 
LQ model at low doses and the single-hit multi- 
target (SHMT) model at higher doses, causing an 
exponential fall-off in survival and thus providing a 
better fit to the experimental data on cell survival in 
the high-dose region [5].

Comparisons between the two models have 
mostly been performed for populations of cells with 
uniform oxygenation and radiosensitivity. Thus, the 
performance of the models has been assessed depend-
ing on how well the predicted survival curves fit the 
observed experimental data in well-oxygenated cells 
[5]. However, this is a situation seldom encountered 
in vivo as the poor quality of the tumour vasculature 
leads to most tumours being heterogeneous with 
respect to oxygenation and hence sensitivity [6]. 
Indeed studies concerned with the differences in 
predictions for normal tissue and tumour response 
[7,8] do not include the oxygenation status of the 
investigated tissues. Therefore, the aim of this study 
was to add to the previous experience by investigat-
ing the impact of hypoxia and heterogeneous radio-
sensitivity in tumours on tumour control probability 
(TCP) as predicted by the LQ and USC models 
using both simple and complex models of tumour 
oxygenation.

Material and methods

The study was performed using tumour models with 
different levels of complexity. For the comparison of 
survival curves, simple representations of tumour 
oxygenations were assumed, while a three-dimen-
sional (3D) voxelised model of realistic tumour oxy-
genations was used for the purpose of comparing the 
predicted treatment outcome in terms of TCP.

According to the LQ model, the surviving  
fraction SF in a fully oxygenated cell population  
following irradiation with a dose d is:

SF = − ⋅ − ⋅exp( )α βd d2 � (1)

where a and b are the radiosensitivity parameters for 
oxic conditions.

The corresponding expression for the USC model 
is:
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where Dq is the dose at which the tangent of the final 
slope -1/D0 of the survival curve intercepts the hori-
zontal axis at 100% survival, and DT is the threshold 
dose at which the LQ model transitions into the 
SHMT model.

Hypoxia modifies the cellular response to radia-
tion such that less oxygenated cells are more radiore-
sistant, requiring a higher dose to induce an equal 
amount of damage [6]. Thus, to take into account 
the decrease in radiosensitivity resulting from 
hypoxia, the expressions in Equations 1 and 2 were 
modified as in Equation 3 for the LQ model and as 
in Equation 4 for the USC model.
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The oxygen enhancement ratio (OER) in Equations 
3 and 4 is a parameter giving the relative increase  
in required dose in hypoxic conditions to oxic condi-
tions. In case of fully hypoxic cells, it was assumed 
that OER  3.

Equations 1–4 could also be used to describe the 
response of populations of cells with heterogeneous 
oxygenations. Thus, for tumours with mixed popula-
tion of cells, the survival was calculated as the 
weighted sum of survival in the sub-populations 
(Equation 5):

SF (1 HF) SF HF SFmixed oxic hypoxic  ⋅ ⋅ � (5)

where SFoxic corresponds to Equations 1 or 2 while 
SFhypoxic corresponds to Equations 3 or 4 and HF is 
the fraction of hypoxic cells [9].

The values of a and b used in all calculations 
were 0.33 Gy1 and 0.038 Gy2, respectively 
(a/b  8.6 Gy), as suggested by Park et  al. [5] for 
non-small cell lung cancer. The corresponding values 
of D0, Dq and DT for NSCLC were 1.25 Gy, 1.8 Gy 
and 6.2 Gy, respectively [5].

Survival curves were calculated for uniform single 
doses using both the LQ and USC models for three 
simple cases of tumour oxygenations: homogeneously 
oxic, homogeneously anoxic and a simple case of 
mixed oxygenations. In the completely oxic tumour 
model, a uniform value of the oxygen enhancement 
ratio (OER) of 1 was assumed, while in the anoxic 
case an OER of 3 was assumed. In the partly hypoxic 
tumour model, 20% of the tumour was assumed to 
have an OER of 3, and the remaining 80% an OER 
of 1. Schematic illustrations of these simple tumour 
oxygenations are shown in Figure 1.

Tumour response was studied on voxelised  
3D models simulating tumours with realistic  
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heterogeneous oxygenations as previously described 
by Daşu et al. [10,11] and Toma-Daşu et al. [12].

Two different heterogeneous oxygen distributions 
were considered for the modelled tumours; one mod-
erately hypoxic tumour with a resulting hypoxic frac-
tion (HF) less than 5 mmHg of about 1.1% and one 
more hypoxic tumour with a resulting HF of about 
11.1%. The modelled tumours had a diameter of  
20 mm, corresponding to a volume of 4.2 cm3. 
Examples of cross-sections through these tumours 
are shown in Supplementary Figure 1 available  
online at http://informahealthcare.com/doi/abs/ 
10.3109/0284186X.2014.925582.

Cell response to the treatment was calculated 
using the two cell survival models assumed, LQ and 
the USC. As a result of the spatially varying oxygen 
tension on voxel level, the survival models were mod-
ified to include oxygen modifying factors (OMFs) 
dependent on the local oxygen tension (pO2) [11]:

omF( o ) omF
o

omF o2 max
2

max 2

p
k p

k p





⋅

⋅
� (6)

where OMFmax is the maximum resistance achieved 
in the absence of oxygen (corresponding to an OER 
of 3) and k is a constant around 2.5–3 mmHg [13]. 
The present simulations used a value of k  2.5 
mmHg.

The tumour response was assessed as the TCP 
calculated with a Poisson equation [14] as described 
in the Supplementary Appendix available online  
at http://informahealthcare.com/doi/abs/10.3109/ 
0284186X.2014.925582.

Uniform dose delivery employing fractionation 
schemes of 1, 2, 3, 5, 8 and 10 fractions were simu-
lated for the assumed tumours and dose-response 
curves were fitted to the resulting TCP data using a 
logit expression [14]. Several assumptions were 
made for the dynamics of oxygenation in the mod-
elled tumours. Thus, at one end of the spectrum no 
changes in the oxygenation (either local or global) 
during the treatment were assumed. This situation 
might be relevant for tumours treated with relatively 

short schedules in time periods shorter than the 
time needed for the removal of dead cells or for 
creating new blood vessels. On the other end of the 
spectrum both micro-scale oxygenation changes due 
to fluctuations in acute hypoxia [15,16] and slow 
reoxygenation of chronically hypoxic cells could 
happen for longer treatments consisting of a larger 
number of fractions [6]. Thus, for the 10-fractions 
treatment of the 11.1% hypoxic tumour, four 
instances of reoxygenation have been modelled by 
randomly re-distributing the oxygen tension values 
between voxels (fast reoxygenation) as well as shrink-
ing the hypoxic sub-volume (slow reoxygenation) 
[10–12]. The HF was thus decreased to approxi-
mately 10.5%, 9.3%, 8.1% and 7.4% after each 
reoxygenation. Cross-sections through the tumour 
with the corresponding oxygenations are displayed 
in Supplementary Figure 2 available online at http://
informahealthcare.com/doi/abs/10.3109/0284186X.
2014.925582.

Results

The survival curves obtained using the two differ-
ent cell survival models for the three cases of sim-
ple tumour oxygenations (illustrated in Figure 1) 
clearly demonstrate the impact of hypoxia on the 
predicted survival for both the LQ and USC  
models (Figure 2). The survival curves for the dif-
ferent oxygenation scenarios show that hypoxia 
increases the survival as predicted by both the LQ 
and the USC models. The level of hypoxia required 
for this effect was not found to be substantial, the 
difference between the 20% and 100% hypoxia 
survival curves being only moderate as compared 
to the well-oxygenated case. Moreover, the survival 
curves for the hypoxic case (blue curves) start to 
diverge only at much higher doses than for the 
completely oxic case (red curves). This could be 
observed for the intermediate case as well, in which 
only 20% of the cells were hypoxic (purple curves). 
Thus, in hypoxic cell populations a difference in 
predicted survival between the LQ and the USC 
model was only observed at very high doses, well 

Figure 1. Simple models of tumour oxygenation: (a) uniformly oxic tumour with OER  1, (b) uniformly anoxic tumour with OER  3, 
and (c) partly hypoxic tumour with 20% hypoxia (OER  3).
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above the commonly quoted upper dose limit 
beyond which the validity of the LQ model has 
been questioned.

In Figure 3 and Supplementary Figure 3 available 
online at http://informahealthcare.com/doi/abs/ 
10.3109/0284186X.2014.925582, it could be 
observed that the difference between the dose-response 
curves obtained with the two survival models decreases 
with increasing number of fractions. For the single-
fraction schedule, a large difference in D50 could be 
observed for both tumour types, (5.4 and 9.5 Gy for 
the 1.1 and 11.1% HF, respectively). For the two-
fraction schedule, the difference was considerably 
reduced to 1.8 and 2.8 Gy, respectively, and at three 
fractions (pink curves), the TCP curves are virtually 
indistinguishable (the difference is only 0.2 and 0.4 
Gy respectively). At 10 fractions they overlap for both 
tumour types. The D50 values for each curve as 

obtained from the curve-fitting are presented in  
Supplementary Table I available online at http:// 
informahealthcare.com/doi/abs/10.3109/0284186X.
2014.925582. Interestingly, for the 11.1% hypoxic 
tumour, the values of D50 coincide already at five 
fractions (69.2 Gy), showing that with increasing num-
ber of fractions, the difference between the LQ and  
USC models decreases with increasing level of 
hypoxia.

It is interesting to note that in spite of the big 
difference in predicted survival between the LQ and 
USC models at high doses for well-oxygenated pop-
ulations of cells, even for just a small a fraction of 
hypoxic cells as 1%, the survival models predict very 
similar response to radiation.

For the 10-fractions schedule applied to a tumour 
with an initial HF of 11.1% and considering the 
reoxygenation patterns described above, the two sur-
vival models both predict a D50 of 48.2 Gy and a g50 
of 9.5. The required total dose was thus substantially 
reduced from 81.3 Gy as calculated for the corre-
sponding case with no reoxygenation, while the trend 
for similar predictions by the two survival models 
could be observed assuming reoxygenation as well 
(see Supplementary Figure 4, available online at 
http://informahealthcare.com/doi/abs/10.3109/ 
0284186X.2014.925582).

Discussion

Since the first stereotactic treatments of extra-cra-
nial malignancies in the liver and lung were per-
formed by Blomgren and Lax in the 1990s [17,18], 
the use of SBRT has continuously grown and led to 
high success rates in the treatments of several lesions 
[19–21]. The increasing number of patients treated 
with SBRT, delivering few, very high-dose fractions, 
highlights the need for a reliable survival model to 
compare the radiobiological effectiveness of differ-
ent fractionation schedules employed in the clinic. 
The LQ model has been criticised for over-estimat-
ing cell kill for high doses (e.g. above ∼8–10 Gy) for 
in vitro cell survival experiments and for this reason 
it has been suggested that it might be inadequate to 
model the response in this dose region. This criti-
cism is based on the inability of the continuously 
bending LQ survival curve to predict cell survival at 
high doses in accordance with what has been 
observed in vitro [1,5]. The USC model developed 
by Park and colleagues was proposed as a simple 
solution, with ready-to-use expressions for the SBRT 
clinician [5]. Nevertheless, the long clinical experi-
ence with the LQ model, the lack of a mechanistic 
basis and the details of the mathematical framework 
have been brought as arguments against the latter 
model [2,22,23].

Figure 2. Survival curves obtained with the LQ (solid curves) and 
USC (dashed curves) models. Red curves represent a uniformly 
oxic tumour with OER  1, blue curves represent a uniformly 
anoxic tumour with OER  3, and purple curves represent an 
intermediate case of a partly hypoxic tumour with 80% OER  1 
and 20% OER  3.

Figure 3. Dose-response curves for the various fractionation 
schedules as a function of total dose delivered to a tumour with 
1.1% hypoxic fraction. Calculations have been done based on both 
the LQ model (solid curves) and the USC model (dashed curves).
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The present study was intended to extend the 
comparison between the LQ and USC models into 
the realm of realistic in vivo conditions. As previ-
ously mentioned, comparisons between the two 
models have often been performed on uniform oxic 
cell populations. This is however a situation that is 
seldom encountered in vivo as many tumours have 
heterogeneous oxygenations leading to heteroge-
neous radiosensitivities. Indeed, lack of oxygen will 
decrease the overall response of a tumour to radia-
tion due to the increased radioresistance of the 
hypoxic cells. Mathematically, this is described by 
introducing OMFs in the expressions for cell sur-
vival, modifying the biological effect of the dose. It 
should be noted in this context that in the LQ 
model, this factor enters in square for the b-compo-
nent which dominates at high doses, counteracting 
the continuous bend of the LQ-curve. This effect 
will naturally be smaller for the USC beyond the 
transition dose, as the oxygen modification is linear 
in the SHMT expression. The transition dose itself 
is also modified by hypoxia to maintain the relation-
ship between dose and damage, such that the transi-
tion from the LQ- to the SHMT-expression occurs 
at a higher dose. Thus, hypoxia extends the dose-
range for which the survival is determined by the 
LQ-expression in the USC model, and beyond the 
transition dose the LQ survival curve is affected by 
hypoxia to a higher degree than the USC. Combin-
ing these effects leads to a decrease in the difference 
in predicted survival between the LQ and USC 
models, and the survival curves coincide up to much 
higher doses in hypoxic tumours than in well-oxy-
genated tumours. It should be stressed that this 
applies to tumours containing hypoxic cells, and 
requires that the oxygenation is explicitly taken into 
account in the models as has been done in this 
study. This is in contrast to well-oxygenated cases 
where the two models predict quite different levels 
of survival or other effects [7]. However, the results 
of this study have shown that the level of hypoxia 
required for this effect does not have to be substan-
tial. Indeed, the results of this study show that as 
little as 1.1% hypoxia will cause the difference in 
D50 as predicted by either the LQ or the USC model 
for a two-fraction schedule to be only 1.8 Gy (48.2 
and 50.0 Gy for the LQ and USC models, respec-
tively, corresponding to fractional doses of 24.1 and 
25 Gy). Thus, even for very high fractional doses far 
beyond the transition dose of 6.2 Gy reported by 
Park et al. [5], the LQ and the USC models predict 
similar TCPs for a realistic model of tumour oxy-
genation with only 1.1% HF.

A general trend of higher D50 values for the USC 
model could be observed in the Supplementary  
Table I available online at http://informahealthcare.

com/doi/abs/10.3109/0284186X.2014.925582. As 
the number of fractions increases, the D50 values 
calculated based on either the LQ or the USC 
model become closer for both tumour types (1.1 
and 11.1% HF). However, the values coincide at a 
lower number of fractions for the more hypoxic 
tumour. This can be explained by the interplay in 
the effects of hypoxia on the survival models;  
a higher level of hypoxia requires a higher dose for 
the same level of control and thus an increase in 
D50, but hypoxia also increases the transition dose, 
decreasing the difference in predicted survival 
between the LQ and USC models for a given dose. 
It can thus be concluded that the impact of frac-
tionation, i.e. increasing the number of fractions 
and hence reducing the dose per fraction, is larger 
for the more hypoxic tumour such that the differ-
ence between the LQ and USC models is reduced.

Microscopic changes in tumour oxygenation 
have been observed between fractions in experimen-
tal studies [15,16]. Fluctuations in acute hypoxia 
could thus be likely to occur from one fraction to 
another even in short radiotherapy treatments, such 
as SBRT. Furthermore, some reoxygenation of 
chronically hypoxic regions might take place in  
longer SBRT treatments. The results of our study 
demonstrate that whether reoxygenation occurs or 
not, the LQ model and the USC model predict 
similar levels of survival and hence also TCP for 
hypoxic tumours.

The results of this modelling study show that for 
a large range of fractional doses including multi-
fraction stereotactic schemes, there is a minor dif-
ference in predicted survival and TCP between the 
LQ and USC models for realistic tumours with het-
erogeneous oxygenation.
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