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Investigation of Absorption and Scattering Properties
of Soot Aggregates of Different Fractal Dimension
at 532 nm Using RDG and GMM
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Radiative properties of numerically generated fractal soot ag-
gregates of different fractal dimensions were studied using the nu-
merically accurate generalized Mie-solution method (GMM) and
the Rayleigh-Debye-Gans (RDG) approximate theory. Fractal ag-
gregates of identical prefactor but different fractal dimensions,
namely, 1.4, 1.78, and 2.1, were generated numerically using a tun-
able algorithm of cluster–cluster aggregation for aggregates con-
taining up to 800 primary particles. Radiative properties of these
aggregates were calculated at a wavelength of 532 nm assuming
a soot refractive index of 1.6 + 0.6i. Four commonly used struc-
ture factors in the RDG approximation were used to investigate
the effect of structure factor on the differential and total scattering
cross-sections and the asymmetry factor. The differential and total
scattering properties calculated using the RDG approximation be-
come increasingly sensitive to the structure factor with increasing
the fractal dimension. Primary particle interactions are the funda-
mental mechanism for the aggregate absorption enhancement for
small aggregates and the shielding effect for larger aggregates. The
extent of these two competing factors is dependent on the fractal
dimension and aggregate size. RDG reasonably predicts the effect
of fractal dimension on the scattering properties, but fails to ac-
count for the effect of aggregation or fractal morphology on the
absorption property of fractal soot aggregates, though the error is
in general less than 15%.

[Supplementary materials are available for this article. Go to
the publisher’s online edition of Aerosol Science and Technology
to view the free supplementary files.]
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INTRODUCTION
Soot particles emitted from various combustion devices and

fires are not only detrimental to human health (Brown et al.
2001; Oberdörster et al. 2004), but also form a climatically
important class of tropospheric aerosols. Once emitted into the
atmosphere soot is often called black carbon (BC) particles. It
has been suggested that BC particles play important roles in
affecting the environment and climate by directly altering the
radiative properties of the atmosphere, visibility impairment,
and cloud formation (Jacobson 2001; Zhang et al. 2008).

To adequately assess the importance of absorption of solar
radiation by BC particles to the positive radiative forcing in the
top of the atmosphere, it is essential to gain quantitative knowl-
edge of their radiative properties. Unfortunately, the radiative
properties of BC particles are still poorly quantified for the fol-
lowing reasons. First, BC particles are fractal aggregates formed
by nearly identical spherical primary particles that have a com-
plex and irregular fractal structure whose radiative properties in
general cannot be predicted using the Mie theory developed for
spherical particles. Second, the refractive index of BC particles
is somewhat uncertain, possibly due to the different combus-
tion conditions under which soot particles are formed. Third,
the fairly open structure of soot particles emitted from various
combustion devices tends to collapse into more compact clus-
ters as they age in the atmosphere (Johnson et al. 1991; Reid and
Hobbs 1998). Such a change in the soot morphology suggests
that its radiative properties could also vary. Fourth, BC particles
are often coated with various organic compounds as they age
in the atmosphere. The coating also alters the absorption and
scattering properties of BC particles, depending on the coating
material and thickness (Lack and Cappa 2010) and the morphol-
ogy of BC particles. It has also been known that coating causes
BC particles to collapse into a compact structure (Mikhailov
et al. 2001; Cross et al. 2010), which, in turn, alters their ra-
diative properties. Although these factors make it difficult to
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accurately predict the radiative properties of BC particles, it is
useful and important to understand how each factor affects the
radiative properties of BC particles.

BC particles are formed by the aggregation of small, nearly
identical and spherical primary particles into complex geome-
tries that can be described by the following statistical scaling
law (Forrest and Witten 1979):

Np = kf

(
Rg

a

)Df

, [1]

where a is the radius of monomers (also called primary parti-
cles), Np is the aggregate size (the number of primary particles
contained in the considered aggregate), kf and Df are the frac-
tal prefactor and fractal dimension, respectively, and Rg is the
radius of gyration.

It is generally believed that fractal dimension is an impor-
tant parameter in the description of fractal aggregates, such as
combustion-generated soot particles, and is also a good indica-
tor of the particle aggregation mechanism and aging processes
(Adachi et al. 2007). Soot particles resulting from combustion
or numerically simulated diffusion limited cluster aggregation
(DLCA) exhibit fairly open structure with a fractal dimension
in the range of 1.4–1.9 (Brasil et al. 2000). To date most studies
on the radiative properties of fractal soot particles have focused
on the evaluation of the accuracy and the range of the valid-
ity of the RDG approximation, (Farias et al. 1995; Farias et al.
1996; Van Hulle et al. 2002; Liu and Snelling 2008). A few
studies have investigated the effect of the fractal parameters on
the radiative properties of soot particles using more accurate
numerical methods than the RDG approximation. Farias et al.
(1996) evaluated the accuracy of the RDG theory for a wide
range of primary particle size parameter (xp = 0.01–1.0), re-
fractive index (|m–1| = 0.1–2.0), and fractal dimension (Df =
1.0–3.0) by using the numerical results from the integral equa-
tion formulation for scattering (IEFS) as the reference solution.
However, they only considered a fairly narrow range of aggre-
gate size (represented by the number of primary particles) of
Np = 16–256 and the orientation averaged properties were
achieved over only 16 orientations. Singham and Bohren (1993)
investigated the scattering properties of two types of fractal ag-
gregates using the coupled dipole method. The two types of
fractal aggregates studied by Singham and Bohren were formed
through the diffusion-limited aggregation (DLA), which leads
to a quite compact structure with a fractal dimension about 2.5,
and the diffusion-limited cluster aggregation (DLCA), which
produces a less compact structure with a fractal dimension about
1.8. They found that the fractal dimension can have a large in-
fluence on some of the scattering matrix elements.

Liu et al. (2008) investigated the effect of fractal dimen-
sion on the radiative properties of soot fractal aggregates using
the superposition T-matrix method for a wide range of fractal
dimension from 1.25 to 3, two assumed refractive indices of
1.75 + 0.5i and 2 + i, four aggregate sizes of Np = 200, 400,

600, 800, and two primary particle diameters of 30 nm and
50 nm at a wavelength of 870 nm. Their results showed that
the absorption cross-section of the aggregates formed by 30 nm
primary particles tends to be relatively constant when Df < 2 but
increases rapidly with Df when Df > 2. They only presented nu-
merical results of the absorption cross-section, total scattering
cross-section, the single-scattering albedo, and the asymmetry
parameter under the conditions of their investigation.

The effect of prefactor on the absorption and scattering prop-
erties of fractal soot aggregates was studied by Liu et al. (2009)
using the generalized Mie-solution method (GMM) developed
by Xu (1995, 1997) and the RDG theory for fractal soot aggre-
gates having identical fractal dimension of Df = 1.78 but two
different prefactors of kf = 1.3 and 2.3. They generated frac-
tal aggregates of prescribed fractal parameters using a tunable
cluster–cluster algorithm described by Liu and Snelling (2008),
which was based on the algorithms developed by Filippov et al.
(2000). The numerical calculations of Liu et al. (2009) were car-
ried out at a relatively large primary particle size parameter of xp

= 0.354 and a typical soot refractive index in the visible range
of m = 1.6 + 0.6i. Their results showed that for Np ≥ 20 the
normalized absorption cross-section decreases with increasing
the prefactor due to the stronger shielding effect as the aggregate
becomes more compact. However, the normalized total scatter-
ing cross-section increases with increasing the prefactor as the
scattered light by primary particles is more likely to be in-phase
for a more compact aggregate.

Although several studies discussed above have investigated
the effects of fractal dimension and prefactor on the radia-
tive properties of soot aggregates, they either employed inad-
equate aggregate size or inadequate orientation averaging or
only reported total scattering and absorption cross-sections. The
present study conducted a numerical study to further investigate
the effect of fractal dimension on the scattering and absorp-
tion properties of fractal soot aggregates in the visible using
two well-established methods. One is the popular but less accu-
rate RDG approximation and the other is the numerically exact
GMM. Although the main objective of this study is to investi-
gate the effect of fractal dimension on the radiative properties of
fractal soot aggregates, the accuracy of the RDG approximation
is also evaluated through a direct comparison between the RDG
and GMM results with attention paid to the importance of the
structure factor to the RDG results. The importance of multiple
scattering on the radiative properties of fractal soot aggregates
was also assessed using GMM.

THEORY

Numerical Generation of Fractal Aggregates
To conduct GMM calculations, it is necessary to provide

the positions of constituent primary particles in a given aggre-
gate. In this study, the positions of all the primary particles
making up an aggregate of a given size are obtained through
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numerical generation of fractal aggregates. Different numerical
methods have been developed to generate fractal aggregates
formed by identical primary particles. These methods can be
classified into two types: “mimicking” methods and tunable
algorithms. The “mimicking” methods generate progressively
larger aggregates by imposing a certain physical mechanism
for their growth. In such methods the fractal parameters of the
generated aggregates are not prescribed. Mimicking methods
can be further divided into particle–cluster aggregation (PCA)
and cluster–cluster aggregation (CCA) algorithms (Jullien and
Botet 1987). PCA and CCA are also known as diffusion-limited
aggregation (DLA) and diffusion limited cluster aggregation
(DLCA), respectively (Singham and Bohren 1993). PCA gen-
erates aggregates with a fractal dimension of 2.5, while CCA
generates aggregates with a fractal dimension of about 1.78 (Jul-
lien and Botet 1987). The latter is in good agreement with the
fractal dimension of combustion-generated soot. The pioneering
fractal aggregate generation algorithms of the mimicking type
have been reviewed by Jullien and Botet (1987). Unlike mim-
icking methods, tunable algorithms generate fractal aggregates
of prescribed fractal dimension and prefactor by ensuring that
during the growth of the aggregates the fractal scaling law given
in Equation (1) is strictly satisfied. The tunable algorithms are
developed to generate fractal aggregates of desired properties,
regardless of the underlying physical mechanism. Typical tun-
able algorithms for fractal aggregate generation were described
by Filippov et al. (2000) and the references cited therein. There
are two distinct differences between mimicking methods and
tunable algorithms. First, the fractal parameters (Df and kf) are
prescribed in tunable algorithm, but not in mimicking methods.
When a mimicking method is used to generate fractal aggre-
gates, the fractal parameters are unknown a priori and governed
by the particular growth mechanism (Jullien and Botet). Second,
each aggregate generated using a tunable algorithm satisfies the
scaling law given in Equation (1) with the prescribed Df and kf.
However, it is not clear if individual aggregates generated using
a mimicking method satisfy the scaling law of Equation (1) and
only global fractal parameters can be derived from the ensemble
of the generated aggregates. Because our objective is to investi-
gate the sole effect of fractal dimension, it is essential to ensure
that all the aggregates considered have the same prefactor and
satisfy Equation (1). For these reasons, tunable algorithms were
used in this study to generate fractal aggregates of desired Df

and kf.
The radius of gyration Rg of an aggregate in Equation (1) is

defined as (Filippov et al. 2000)

R2
g = 1

Np

Np∑
i=1

(ri − r0)2 + 3

5
a2, [2]

r0 = 1

Np

Np∑
i=1

ri , [3]

where vectors ri and r0 define the position of the ith primary
particle center and the center of the aggregate, respectively.
Although it has been known that BC particles become more
compact as they age in the atmosphere, which is due at least
partially to the effect of coating (Mikhailov et al. 2001), there
is currently a lack of detailed knowledge on how the fractal
parameters vary as the structure of the particles changes. In a
recent study, Ouf et al. (2010) studied the morphology evolution
of flame-generated soot as a function of storage duration in
ambient air in the laboratory and found that Df remained almost
unchanged, while kf and the degree of primary particle overlap
increased slightly between 33 and 337 days. Because storage of
soot in the laboratory does not closely mimic the ageing process
of soot in the atmosphere, the findings of Ouf et al. (2010)
cannot be used as direct evidence on how soot morphology
evolves with ageing in the atmosphere. In the absence of further
information, it is assumed in this study that the increase in the
aggregate compactness as BC particles age in the atmosphere
gives rise to an increase only in the fractal dimension, i.e., the
prefactor remains unchanged. It is also known that there is up to
about 20% overlap (or sintering), e.g., Ouf et al. (2010), between
neighboring primary particles in BC aggregates, such effect is
neglected in this study and primary particles are assumed to be
in point touch.

Following the study of Filippov et al. (2000), small soot
aggregates were first generated using the tunable particle–cluster
aggregation or the sequential algorithm (SA). In this algorithm,
identical spherical particles are added one by one to an existing
aggregate (cluster) starting from an initial aggregate containing
three point-touch primary particles. The newly added primary
particle to the existing aggregate of size (Np – 1) obey the
following two rules: (i) it is in point-touch (no overlapping
and no gap) with one of the primary particles in the aggregate
with the touching point is randomly determined, and (ii) the
newly generated larger aggregate always satisfies the scaling
law, Equation (1). Further details of SA can be found in Filippov
et al. (2000) and Liu and Snelling (2008).

SA was used to generate progressively larger aggregates up
to Np = 31. Many different small aggregates of different sizes
or different configurations of the same size were first generated
by SA. These small aggregates were then used as the building
blocks in the cluster–cluster aggregation (CCA) algorithm de-
scribed below to generate even larger aggregates. To the best
of our knowledge, there is no general guideline as to what the
aggregate sizes generated by SA should be used as the building
blocks of CCA. Our choice of using SA to generate aggregates
up to Np = 31 is somewhat arbitrary and is based on considera-
tions of efficiency and preserving the expected fractal aggregate
property (see the online supplementary information). In this
study, we fixed the prefactor at kf = 2.3, the primary particle
radius a = 15 nm (dp = 30 nm), and three fractal dimensions
Df = 1.4, 1.78, and 2.1. It should be noted that there is quite a
large uncertainty in the value of prefactor for soot aggregates,
ranging from 1.05 to 3.5 in the literature (Köylü et al. 1995;
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Brasil et al. 2000). Our choice of kf = 2.3 is somewhat arbitrary,
but it is an intermediate value over the range of values reported
in the literature and very close to the value of 2.4 determined
experimentally by Köylü et al. (1995). It is worth pointing out
that Sorensen and co-workers have found kf = 1.23 and 1.7
in flame-soot experiments (Cai et al. 1995; Sorensen and Feke
1996) and DLCA simulations (Sorensen and Roberts 1997),
though most of other studies of flame soot arrived at larger val-
ues of kf (larger than 2, see summary of experimental data in
Brasil et al. (2000)). As observed by Brasil et al. (2000), nu-
merically simulated fractal aggregates in general have a fairly
low prefactor (less than 1.5), while image analysis of real soot
in general yields a prefactor greater than 2. The potential effect
of overlap between monomers on the prefactor has been investi-
gated by Oh and Sorensen (1997) and Brasil et al. (2000). Both
groups found that there was an increase in the prefactor numer-
ically derived from the known 3-D soot morphology. However,
Oh and Sorensen (1997) further showed that there was also
an increase in the numerically derived fractal dimension. Oh
and Sorensen went further to show that if simulated 2-D im-
ages of soot aggregates with overlapped primary particles were
analyzed by conventional experimental methods, ignoring any
overlap, then fractal parameters very close to the nonoverlapped
numeric values were obtained and concluded that they were un-
successful in resolving the discrepancy between prefactors from
real soot TEM images and those from simulations. Neverthe-
less, the present choice of kf = 2.3 is higher than those of DLCA
simulations of point-touch monomers.

The small aggregates generated using SA were then used
to generate larger aggregates up to Np = 800 using the
cluster–cluster aggregation (CCA) algorithm described in de-
tail in (Liu and Snelling 2008). At the beginning of CCA steps
a larger aggregate is generated by merging two smaller aggre-
gates generated using SA. Then even larger aggregates are gen-
erated by merging two newly generated aggregates using CCA.
It should be emphasized that CCA, like SA, also preserve the
prescribed Df and kf during each step of aggregate generation.
Although there is no limitation to the size of aggregate that can
be generated by SA, it is preferred not to use SA to generate
large aggregates. It has been shown by Filippov et al. (2000) that
the density autocorrelation function of aggregates generated us-
ing the particle–cluster method (SA) on a log–log scale displays
a slope that is different from the expected value of (3-Df). Con-
sequently, systematic errors can occur if these aggregates are
used to study the physical and scattering properties of fractal
aggregates. Filippov et al. (2000) also showed that the density
autocorrelation function for aggregates generated by the tunable
CCA algorithm do exhibit a consistent slope as expected from
the specified fractal dimension when the aggregates are large
enough. Therefore, the CCA algorithm was used to generate
large aggregates.

For a given set of morphological parameters (dp, Np, Df, kf),
there are endless possibilities for the positions of primary par-
ticles that satisfy the scaling relationship given in Equation (1),

but result in somewhat different scattering properties. To mini-
mize the effect of a specific aggregate configuration/realization
on the scattering properties of a randomly oriented ensemble of
monodisperse fractal aggregates, ten different aggregate realiza-
tions of identical morphological parameters (dp, Np, Df, kf) were
generated based on a recent study (Liu and Smallwood 2010a),
where it was shown that averaging over ten realizations is ade-
quate to achieve realization independent radiative properties of
soot fractal aggregates.

The advantage of the tunable algorithm for aggregate gener-
ation is that all the aggregates of different sizes have identical
fractal parameters as specified. Therefore, the aggregates gen-
erated from tunable algorithms are suitable for investigating the
effect of an individual parameter, such as the fractal dimension
or the prefactor, on various physical and scattering properties of
fractal aggregates. As pointed out by Liu et al. (2008), however,
for each value of the prefactor (or the fractal dimension) there is
only a relatively narrow range of fractal dimension (or the pref-
actor) that allows the aggregates of specified fractal parameters
and of point-touch primary particles to be generated. For the
chosen value of kf = 2.3, higher values of Df greater than 2.1
do not allow generation of fractal aggregates that fulfill all the
requirements. This is why the present investigation is limited
to a maximum Df value of 2.1. Such a restriction in the selec-
tion of Df and kf in tunable algorithms for fractal aggregation
generation is likely a manifestation of the possible relationship
between Df and kf, as suggested in several studies (Sorensen and
Roberts 1997; Gmachowski 2002; Lapuerta et al. 2006; Heinson
et al. 2012).

Rayleigh-Debye-Gans Fractal Aggregate Theory
Application of the RDG theory to fractal soot aggregates

requires the following conditions to be fulfilled (Bohren and
Huffman 1983; Kerker 1969): (i) | m – 1| � 1 and 2xp

| m – 1| � 1 with m = n + ki being the refractive index of the
particle material and xp = πdp/λ the size parameter of primary
particle, (ii) the effects of multiple scattering induced by other
particles in the aggregate and self-interaction of the primary
particle itself are negligible. These assumptions imply that each
primary particle is in the Rayleigh regime and acts as a dipole
source for scattered radiation. As observed by Köylü and Faeth
(1993, 1994), the first assumption is not satisfactorily met by
soot due to its relatively large refractive index. Even so, previous
studies showed that RDG in general produces reasonably accu-
rate results for the scattering properties of soot (Dobbins and
Megaridis 1991; Farias et al. 1996). Multiple scattering within a
fractal aggregate was found small in several studies (Berry and
Percival 1986; Singham and Bohren 1993; Mulholland et al.
1994; Farias et al. 1996).

The radiative cross-sections of primary particles can be writ-
ten as (Köylü and Faeth 1994),

C
p
abs = 4πx3

pE(m)/k2, Cp
sca = 8πx6

pF (m)/(3k2),

Cp
vv = x6

pF (m)/k2, [4]
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where k = 2π /λ is the wave number, E(m) and F(m) are func-
tions of the complex refractive index of soot m with E(m) =
Im((m2 − 1)/(m2 + 2)) and F(m) = |(m2 − 1)/(m2 + 2)|2. Sub-
scripts abs, sca, and vv represent absorption, total scattering,
and vertical (for incident radiation) and vertical (for scattered
radiation) polarized differential scattering, respectively. Super-
script p indicates properties of primary particles. The scattering
cross-sections of an aggregate for polarized light are given as
(Köylü and Faeth 1994; Sorensen 2001),

Cagg
vv (θ ) = C

agg
hh (θ )/ cos2 θ = N2

p Cp
vvS(qRg), [5]

where superscript agg represents quantities of aggregate, θ is
the scattering angle, q = 2ksin(θ /2) is the modulus of scattering
vector, and S(qRg) is the aggregate structure factor. Several dif-
ferent expressions for the structure factor have been reviewed
by Sorensen (2001). In this study, four structure factor expres-
sions were considered to investigate how the structure factor
affects the scattering properties of soot fractal aggregates. The
four structure factors investigated are those used by Dobbins
and Megaridis (1991), Köylü and Faeth (1994), Sorensen et al.
(1992), and Yang and Köylü (2005). These structure factors
are summarized in Table 1. The structure factor proposed by
Sorensen et al. (1992) has no connection to the other three
and was derived from the Fourier transformation of the density
autocorrelation function assuming a Gaussian cut-off function.
The structure factor used by Dobbins and Megaridis (1991) was
based on using the Guinier formula at small qRg and the expected
power law behavior at large qRg with a condition of continuity
in the function and its slope where they meet. The boundary
between the small qRg regime, or the so-called Guinier regime,
and large qRg regime, or the power-law regime, was taken as

(qRg)2 = 3Df /2. [6]

The structure factor used by Köylü and Faeth (1994) is iden-
tical to that of Dobbins and Megaridis (1991) except that, in the
large qRg regime, the factor (3Df/2e)Df/2, was neglected. This

factor is actually important to ensure the continuity of the struc-
ture factor at the boundary defined in Equation (6). Although
for Df = 1.8 the factor (3Df/2e)Df/2 is very close to 1.0 (0.99), its
value departs from unity for smaller and larger Df. For example,
the constant (3Df/2e)Df/2 is 0.84 for Df = 1.4 and 1.17 for Df =
2.1. Therefore, neglect of this factor can introduce larger errors
for Df different from about 1.8. The structure factor of Yang and
Köylü (2005) is a unified expression of Köylü and Faeth (1994)
connecting the small and large qRg regimes with a single expres-
sion. Therefore, it is expected that the Yang and Köylü (2005)
structure factor has a broadened transition between the Guinier
and the power-law regime.

Once a structure factor is selected, the differential scattering
cross-section can be obtained directly from Equation (5). The
total scattering cross-section for unpolarized incident light can
then be calculated as

Cagg
sca = N2

p Cp
vv2π

∫ π

0
S(qRg)

1

2
(1 + cos2 θ ) sin θdθ. [7]

By using the linearized approximation for the exponential
function in the entire Guinier regime for small value of qRg

(up to the boundary) of the Köylü and Faeth (1994) structure
factor given in Table 1, i.e., exp[−(qRg)2/3] ≈ 1 − (qRg)2/3,

Köylü and Faeth (1994) obtained an analytical expression for
the total scattering cross-section. Except for the Köylü and Faeth
total scattering cross-section, which was calculated using their
analytical expression, the total scattering cross-sections for un-
polarized incident light associated with the other three structure
factors are calculated numerically using Equation (7).

In RDG approximation, the interactions among primary par-
ticles are completely neglected as far as absorption is concerned.
Therefore, the aggregate absorption cross-section is simply the
summation of all the primary particle cross-sections, i.e.,

C
agg
abs = NpC

p
abs. [8]

Another important parameter in assessing the contribution of
BC particles to radiative forcing in atmosphere is the asymmetry

TABLE 1
Four different expressions for the structure factor considered in this study

Researchers S(qRg)

Dobbins and Megaridis (1991)1 S(qRg) = exp[−(qRg)2/3] for small qRg

= (3Df /2e)Df /2(qRg)−Df for large qRg

Köylü and Faeth (1994) S(qRg) = exp[−(qRg)2/3] for small qRg

= (qRg)−Df for large qRg

Sorensen et al. (1992)2 S(qRg) = exp[−(qRg)2/Df ] × 1F1[ 3−Df

2 , 3
2 ,

(qRg )2

Df
]

Yang and Köylü (2005) S(qRg) = [1 + 8(qRg)2/(3Df ) + (qRg)8]−Df /8

1e is the base of natural logarithm.
2
1F1 is the Kummer or confluent hypergeometric function.
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factor. This quantity is related to the scattering phase function
and is defined as (Bohren and Huffman 1983)

g = cos θ =
∫

4π

p(θ ) cos θd�, [9]

where p(θ ) is the scattering phase function and � is the solid
angle. The scattering phase function is defined as (Bohren and
Huffman 1983)

p(θ ) = 1

C
agg
sca

C
agg
vv + C

agg
hh

2
. [10]

The asymmetry factor is between −1 and 1 and characterizes
how the scattered radiation is distributed. For example, g > 0, =
0, and < 0 correspond to forward scattering, isotropic scattering,
and backward scattering, respectively.

Generalized Mie-Solution Method
Two methods have been developed in the literature to obtain

numerically exact radiative properties of an object formed by
nonoverlapping spherical monomers. One is the cluster T-matrix
method (CTM) (Mishchenko 1991; Khlebtsov 1992). The other
one is the generalized Mie-solution method (GMM). GMM was
developed by Xu (1995, 1997) based on the framework of the
Mie theory for a single sphere and the addition theorems for
spherical vector wave functions. It provides a rigorous and com-
plete solution to nonoverlapping multisphere light scattering
problems and can be readily applied to fractal soot aggregates
(Van-Hulle et al. 2002; Liu and Snelling 2008). Execution of this
numerically exact method requires the positions, diameter, and
refractive index of each constituent sphere (primary particle).
Although CTM has become the most popular method to study
the radiative properties of various scatterers (Mishchenko et al.
2008), GMM has also been demonstrated to be a powerful tool to
study radiative properties of various particles (Xu 1995, 1997;
Van-Hulle et al. 2002; Liu and Snelling 2008). In fact, CTM
and GMM share a very similar theoretical framework, though
differences exist (Xu and Khlebtsov 2003). GMM offers some
advantages over CTM according to Xu and Khlebtsov (2003).
GMM rigorously accounts for the multiple scattering within the
aggregate. However, GMM is computationally very demanding
and memory intensive for large aggregates containing several
hundreds of primary particles. GMM is used in this study for
the reason that it offers the capability of quantifying the effect
of multiple scattering.

RESULTS AND DISCUSSION
All the calculations were conducted at an incident wavelength

of λ = 532 nm. A typical value of the refractive index of soot
in the visible, m = 1.6 + 0.6i, was assumed at the wavelength
considered. Calculations were conducted up to Np = 800. The
GMM results were first averaged over more than 29,000 orien-
tations for Np ≤ 200 and over more than 9000 orientations for

FIG. 1. Typical fractal aggregates generated using the tunable cluster–cluster
aggregation algorithm, except the smallest aggregates shown for Np = 20. These
aggregates are of size Np = 20, 50, 100, 200, and 400, respectively, for (a) Df =
1.4, (b) Df = 1.78, and (c) Df = 2.1. In all cases, kf = 2.3 and dp = 30 nm.

larger aggregates. The orientation-averaged GMM results were
then used for realization averaging. The GMM results reported
in this study were obtained for 10 realizations for all the ag-
gregate sizes computed between Np = 10 to 800, based on a
previous study (Liu and Smallwood 2010a). Unless otherwise
stated, all the GMM results presented below were obtained with
the interactions among primary particles taken into account.

To illustrate how the structure of fractal aggregates varies
with the fractal dimension while keeping the prefactor constant,
Figure 1 displays the typical appearance of fractal aggregates
for Df = 1.4, 1.78, and 2.1 while keeping the prefactor constant
at kf = 2.3.

As shown in the online supplementary information, the nu-
merical aggregates generated in this work using CCA do dis-
play the correct slope in the density autocorrelation function
for sufficiently large aggregates. The autocorrelation function
was calculated as the distance distribution function described
by Hasmy et al. (1993) and Filippov et al. (2000).

Effect of Df on RDG Vertical-Vertical Differential
Scattering Cross-Section

Although differential scattering properties are not directly
required in assessing the contribution of BC particles to the pos-
itive radiative forcing in atmosphere, they are highly desirable
in the interpretation of elastic light scattering measurements for
obtaining morphological information of soot particles in vari-
ous applications (Sorensen 2001). The first part of this section is
dedicated to the effect of different structure factors on the RDG
results.

The nondimensional vv differential cross-sections (normal-
ized by N2

p C
p
vv) predicted by RDG with the four structure

factors summarized in Table 1 are compared in Figures 2
and 3 for Np = 50, and 200, respectively, plotted against a
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FIG. 2. Comparison of RDG nondimensional vertical–vertical differential
scattering cross-sections with four different structure factors for monodis-
perse aggregates of Np = 50 and different fractal dimensions: (a) against qRg,
(b) against the scattering angle θ . In all cases, λ = 532 nm, dp = 30 nm, and
kf = 2.3. The corresponding GMM results are also plotted. (Color figure avail-
able online.)

nondimensional variable qRg and/or the scattering angle θ . As
a result of such normalization, the vv differential cross-section
is identical to the structure factor when plotted against qRg.
qRg is an important nondimensional parameter as far as scatter-
ing by fractal aggregate is concerned (Sorensen 2001). Plotting
the variation of vv scattering cross-section with the scattering
angle is also very informative, since it shows at what angles
the scattered light should be detected that are most important
experimentally in retrieving the soot particle morphological pa-
rameters. The RDG vv scattering cross-sections of Yang and
Köylü and Köylü and Gaeth are not plotted in Figure 2a for
clarity. The effects of structure factor and the fractal dimension
are evident.

The first observation from these figures is that these structure
factors display rather large differences. These figures clearly
show that the nondimensional vv scattering cross-sections de-
cay slower with the scattering angle as the fractal dimension
increases, Figures 2b and 3b. It is also evident from Figures
2b and 3b that vv scattering becomes not only much stronger,
but also increasingly dominant in the forward direction as the
aggregate size increases.

FIG. 3. Comparison of RDG nondimensional vertical–vertical differential
scattering cross-sections with four different structure factors for monodisperse
aggregates of Np = 200 and different fractal dimensions: (a) against qRg, (b)
against the scattering angle θ . In all cases, λ = 532 nm, dp = 30 nm, and kf =
2.3. The corresponding GMM results are also plotted. (Color figure available
online.)

Results based on the structure factor of Köylü and Faeth
(1994) display a discontinuity in the vv scattering cross-section
at the boundary of small and large qRg values, which is clearly
shown in Figure 2b at a scattering angle of about 50◦ for Df =
1.4, where the vv scattering cross-section jumps from a smaller
Guinier regime value to a larger power-law regime one. Such a
discontinuity is caused by neglecting the factor (3Df/2e)Df/2 in
the power-law regime expression. The discontinuity is invisible
for Df = 1.78 occurring around θ = 112◦, because the missing
factor in this case is very close to unity. There is no discontinuity
for Df = 2.1 in Figure 2b, simply because the power-law regime
is not reached for Np = 50 in this case. The discontinuity in
the vv scattering cross-section for a larger aggregates of Np =
200, Figure 3b, can be clearly seen for Df = 1.4, and 2.1. As
expected, results from the other three structure factors all vary
smoothly with either qRg or the scattering angle. Figure 3a
also shows that for given morphology of monodisperse fractal
aggregates (Df, kf, Np, a), there exists a maximum qRg, whose
value is dependent on the wavelength and Rg. The more open
the aggregate structure, the larger value the maximum qRg can
reach. The implication of this fact is that the power-law regime
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may not be reached when the light scattering measurements are
conducted for a selected wavelength.

Although the RDG vv scattering cross-section based on the
four structure factors display somewhat significant differences
in the transition regime of intermediate qRg values between the
Guinier and power-law regimes, these results share two common
features: (1) they are identical in the limit of small qRg, i.e., in
the forward directions of very small θ , and (2) they have the
same slope of –Df on the log–log plot in the limit of large qRg.
In Figure 3a, where Np = 200, for Df = 1.4 the power-law
regime is reached when qRg is greater than about 1.5, where
the result of Köylü & Faeth exhibits a sudden jump, in all the
results. However, the power-law regime is not reached for the
other two aggregates of larger fractal dimensions in the results
of Sorensen structure factor.

In summary, the RDG results of vv scattering cross-section
using the four different structure factors differ significantly from
one another. The structure factor of Köylü and Faeth (1994) suf-
fers a discontinuity at the boundary of the Guinier and power-
law regimes when Df deviates from 1.812 (2e/3) and, therefore,
should not be used in the interpretation of light scattering mea-
surements. The empirical fit of Yang and Köylü (2005) tends to
overpredict the scattering at small angles and underpredict scat-
tering at large angles when compared to the results of Sorensen
(2001) or Dobbins and Megaridis (1991). Overall, the results
of Sorensen are in closer agreement with those of Dobbins &
Megaridis than those of Yang & Köylü for Df = 1.78 and 2.1.
For more open aggregates of Df = 1.4, however, the opposite
trend is observed, i.e., the vv scattering cross-sections based on
the structure factor of Dobbins & Megaridis are lower. Only the
structure factors of Sorenson (2001) and Dobbins and Megaridis
(1991) are considered in the next section.

Comparison of RDG and GMM Results
The nondimensional vv differential scattering cross-sections

of monodisperse ensembles of randomly oriented aggregates
calculated from RDG and GMM are compared in Figures 2–4
for Np = 50, 200, and 800, respectively. Again, the vv scattering
cross-sections are plotted against both qRg and the scattering
angle θ for reasons mentioned earlier. The overall variations of
the vv scattering cross-section with the aggregate size and the
fractal dimension have been discussed earlier. The focus here is
the difference between RDG and GMM results and the variation
of the GMM results with the fractal dimension.

The vertical dotted lines in Figure 2a indicate the maximum
qRg values corresponding to the three fractal dimensions con-
sidered. The nondimensional vv scattering cross-sections from
RDG are always exactly equal to unity in the forward direction
(θ = 0◦). The nondimensional vv scattering cross-sections from
GMM are generally greater than unity in the low qRg (angle)
limit. The degree by which the GMM results overshoot unity
decreases with increasing aggregate size, and the nondimen-
sional vv scattering cross-sections of Np = 800 and Df = 2.1
are actually lower than unity in the forward directions (Figure

FIG. 4. Comparison of nondimensional vertical–vertical differential scattering
cross-sections predicted by RDG and GMM for ensembles of monodisperse
aggregate of Np = 800 and different fractal dimensions: (a) against qRg, (b)
against the scattering angle θ . In all cases: λ = 532 nm, dp = 30 nm, and kf =
2.3. (Color figure available online.)

4b). It is noted that the degree of such overshoot is not only
dependent on the aggregate size, but is also dependent on the
fractal dimension. For fairly small aggregates of Np = 50 (Fig-
ure 2b), the non-dimensional vv scattering cross-sections of the
most compact aggregate of Df = 2.1 exhibit the largest deviation
from the RDG results than those of the less compact aggregates,
especially in the forward directions. For larger aggregates of
Np = 200 (Figure 3b), the nondimensional GMM vv scattering
cross-sections of the three aggregates of different Df are almost
identical in the forward directions and slightly higher than unity.
For even larger aggregates of Np = 800, the GMM vv scattering
cross-section in the forward directions actually decreases with
increasing fractal dimension (Figure 4b). The overall variations
of the vv scattering cross-section with the aggregate size and
the fractal dimension calculated from GMM are in qualitative
agreement with those from RDG, i.e., scattering is enhanced
with both the aggregate size Np and the fractal dimension Df,
except for very large compact aggregates in the forward direc-
tions. The GMM results depart more significantly from the RDG
values with increasing the fractal dimension at large qRg val-
ues, where the GMM results are lower than those of RDG that
lead to a slope less than −Df, see Figures 3a and 4a. This trend
has been observed in several previous studies (Liu and Snelling
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2008; Yon et al. 2008; Liu et al. 2009). Liu et al. (2009) and Yon
et al. (2008) explained the deviation of the GMM results from
the RDG ones at large qRg values in terms of the role of multiple
scattering. Although this explanation is qualitatively plausible,
results from additional GMM calculations without interactions
among primary particles for fractal soot aggregates with Df =
1.78 indicate that the multiple scattering effect is quite small and
is not the primary cause for the discrepancy between the GMM
and RDG results at large qRg values in Figures 3 and 4. Further
research is required to understand the reasons responsible for
this discrepancy.

To explore the importance of the interactions among primary
particles to the departure from unity in the GMM nondimen-
sional vv scattering cross-section in the forward directions, ad-
ditional GMM calculations without the primary particle interac-
tion were performed for the compact aggregates of Df = 2.1 and
different sizes. Comparisons of these results (not shown) with
those with primary particle interaction indicate that the departure
of the nondimensional GMM vv scattering cross-sections from
unity in the forward directions is indeed primarily attributed to
the interactions among primary particles (the secondary factor
affecting such departure is the non-Rayleigh scattering behavior
of primary particles). Such interactions enhance scattering for
all directions, especially in the forward directions, for relatively
small aggregates, e.g., Np = 50, but otherwise weaken scatter-
ing in all directions for large aggregates, e.g., Np = 800. The
enhancement of scattering due to primary particle interactions
(interference effect) for relatively small aggregates, especially
as the compactness of the aggregate increases (with increasing
Df), is also revealed in the enhancement of aggregate absorption
cross-sections shown below.

Effect of Fractal Dimension on the Total Scattering
Cross-Section

Variations of the nondimensional total scattering cross-
sections (normalized by NpC

p
sca) calculated using RDG and

GMM with the aggregate size for aggregates of three differ-
ent fractal dimensions are shown in Figure 5. The normalized
total scattering cross-sections increase with the aggregate size
as well as the fractal dimension. Although the structure factor of
Köylü and Faeth (1994) consists of an error (missing a factor),
its results are still included in Figure 5 to illustrate how the miss-
ing factor affects the total scattering cross-sections. It is noticed
from Figure 5 that there is a dip in the results of Köylü and
Faeth and the extent of the dip increases with increasing fractal
dimension. The dip occurs at an aggregate size corresponding to
β = 3Df/(8k2Rg

2) = 1, which is related to the boundary between
the Guinier and power-law regimes given in Equation (6). The
dip in the total scattering cross-section of Köylü and Faeth is
attributed to the linearization of the exponential expression in
the entire Guinier regime (up to the boundary) and has been
previously observed by Kazakov and Frenklach (1998). For the
relatively open aggregates of Df = 1.4, Figure 5c, the RDG total
scattering cross-sections from different structure factors are in

FIG. 5. Variation of the nondimensional total scattering cross-section with
aggregate size for aggregates of different fractal dimensions: (a) Df = 2.1, (b)
Df = 1.78, and (c) Df = 1.4. (Color figure available online.)

close agreement with each other, except those from Dobbins
and Megaridis at relatively large aggregates beyond about Np =
50, where the total scattering cross-sections of Dobbins and
Megaridis are lower than those from the other three structure
factors. The discrepancies in the total scattering cross-section
between the RDG results of different structure factors increase
with the fractal dimension. For aggregates of Df = 1.78, Fig-
ure 5b, and 2.1, Figure 5a, the total scattering cross-sections of
Köylü and Faeth are the lowest among the RDG results, while
results from the other three structure factors agree well with
each other. Among the RDG results, the total scattering cross-
sections from the structure factor of Sorensen are the highest
under all three fractal dimensions. The overall agreement be-
tween the GMM and RDG results is fairly good with GMM
results being slightly higher for small aggregates and slightly
lower for large aggregates.

Effect of Fractal Dimension on the Asymmetry Factor
Variations in the asymmetry factor from RDG with the struc-

ture factors of Sorensen and Dobbins & Megaridis with aggre-
gate size are compared to those from GMM for aggregates of
different fractal dimensions in Figure 6. Although there are dif-
ferences between the two RDG results and between RDG and
GMM results, both RDG and GMM predict a similar overall
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FIG. 6. Variation of the asymmetry factor with aggregate size for monodis-
perse aggregates of different fractal dimension. (Color figure available online.)

trend of variation of the asymmetry factor with aggregate size
and fractal dimension. The asymmetry factor increases with the
aggregate size, suggesting that the scattering pattern becomes
increasingly dominant in the forward direction, which has been
observed from the vv scattering cross-sections shown earlier in
Figures 2–4. The two RDG results display relatively large differ-
ences from each other for a range of intermediate aggregate size
and this range of aggregate size shifts towards larger aggregates
as the fractal dimension increases. Variation of the asymmetry
factor with the fractal dimension exhibits interesting features
from both the RDG and GMM results: it first decreases for rela-
tively small aggregates (less than about Np = 200) as the fractal
dimension increases and then increases more rapidly to reach
higher values for large aggregates. The decrease in the asymme-
try factor with increasing fractal dimension for relatively small
aggregates may be explained by the increase in the compactness
of the aggregates as Df increases (becoming more sphere-like),
since scattering by small spherical particles tends to be more
isotopic (corresponding to lower asymmetry factors).

The asymmetry factors from RDG are in good agreement
with those from GMM only for very small aggregates. In gen-
eral, RDG underpredicts the asymmetry factor for interme-
diate and large aggregates under all three fractal dimensions
considered.

The overall variation trend of the GMM asymmetry factor
with the aggregate size Np or the fractal dimension Df is qual-
itatively similar to that obtained by Liu et al. (2008) though
differences are observed. For example, for aggregates of size
200 Figure 6 shows that the asymmetry factor for Df = 1.4 is
almost the same as that for Df = 1.78, but it becomes smaller at
a higher fractal dimension of Df = 2.1. The results of Liu et al.
(2008) (for m = 1.75 + 0.5i) showed that the asymmetry factor
for aggregates of size 200 peaks at about Df = 1.5 and starts to
decrease with increasing Df. Differences also exist between our

results shown in Figure 6 and those of Liu et al. (2008) for larger
aggregates. For the largest aggregates of size 800 investigated,
the asymmetry factor increases monotonically in the fractal di-
mension range of 1.4 to 2.1 shown in Figure 6. The results of
Liu et al. (2008), however, showed that the asymmetry factor
peaks at Df = 1.75 and then starts to decrease slowly in the Df

range of 1.75 and 2.25 before dropping rapidly for even larger
fractal dimensions. Based on the study of Liu et al. (2008), who
showed similar results for m = 1.75 + 0.5i and m = 2 + i, the
discrepancies between our results shown in Figure 6 and those
of Liu et al. (2008) are not caused by the difference in soot
refractive index. A plausible explanation for the discrepancies
lies in the difference in the wavelength. However, this conjecture
remains to be confirmed.

Effect of Fractal Dimension on Absorption Cross-Section
Variation of the nondimensional aggregate absorption cross-

sections (normalized by NpC
p
abs) from RDG and GMM with

aggregate size for aggregates of different fractal dimensions are
compared in Figure 7. The nondimensional absorption cross-
sections from RDG remain at unity regardless of aggregate size
or fractal dimension, since the effect of aggregate on absorption
is completely neglected in RDG as stated in Equation (8). On
the other hand, the absorption cross-sections from GMM vary
somewhat significantly with both the aggregate size Np and
the fractal dimension Df. It is noted that the nondimensional
GMM absorption cross-sections are slightly higher than unity
even for a single primary particle (Np = 1). This is because
GMM yields the Mie solution in this case, rather than the ap-
proximate Rayleigh solution. All three GMM curves in Figure 7
exhibit a similar trend: the normalized absorption cross-section
first increases with the aggregate size and then decreases after it
reaches a peak. Figure 7 also shows that the normalized aggre-
gate absorption cross-section rises faster to reach a higher peak

FIG. 7. Variation of nondimensional aggregate absorption cross-section with
aggregate size for monodisperse aggregates of different fractal dimension.
(Color figure available online.)
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at a somewhat larger Np and then decays faster after the peak
as Df increases. Under the conditions of this study RDG under-
estimates the aggregate absorption cross-section by about 12%
to 14%, depending on Df. As explained by Mulholland et al.
(1994), there are two competing effects affecting the absorption
of fractal aggregates: (i) for small aggregates the dipole–dipole
coupling results in an increased exciting field, which, in turn,
enhances the aggregate absorption, and (ii) for large aggregate
the dipole–dipole coupling leads to a shielding effect, which
reduces aggregate absorption. Therefore, the aggregate absorp-
tion cross-section peaks at a certain aggregate size as a result of
these competing factors. The results shown in Figure 7 indicate
that the dipole–dipole coupling effects (alternatively, interac-
tions among primary particles, or multiple scattering effects)
are stronger as Df increases. It is also interesting that the ef-
fect of Df on the normalized aggregate absorption cross-section
shown in Figure 7 is weaker than the effect of primary particle
size parameter (πdp/λ) investigated in a previous study (Liu and
Smallwood 2010b).

It should be pointed out that the absorption enhancement for
small aggregates and the shielding effect for large aggregates
are caused by the same mechanism—interactions among pri-
mary particles. To confirm that the variation of the aggregate
cross-section with the aggregate size and the fractal dimension
is indeed caused by the primary particle interaction, the results
of aggregate cross-section for Df = 2.1 without primary par-
ticle interactions were obtained and shown in Figure 7. The
nondimensional GMM absorption cross-sections without pri-
mary particle interactions are independent of aggregate size and
remain at the value of Np = 1. This result confirms that the
absorption enhancement for small aggregates and the shielding
effect displayed for large aggregates are both attributed to the
primary particle interactions.

The results of Liu et al. (2008) for m = 1.75 + 0.5i, a =
15 nm, and λ = 870 nm showed that the aggregate absorption
cross-section for aggregates in the size range of 200 and 800
first decreases slightly with the fractal dimension when Df is
less than 2, but increases fairly quickly when the fractal di-
mension is greater than 2. In our results shown in Figure 7,
the normalized aggregate absorption cross-section for aggre-
gates of size between 200 and 800 decreases monotonically
with increasing Df for the relatively narrow range of 1.4 to 2.1
investigated. Based on the trend of variation of the absorption
cross-section with aggregate size and fractal dimension shown
in Figure 7 and the two competing factors affecting aggregate
absorption (Mulholland et al. 1994), it is unlikely that the ag-
gregate absorption cross-section will increase with increasing
the fractal dimension beyond 2.1 for a fixed aggregate size be-
tween Np = 200 and 800. Although the conditions of our study
differ somewhat from those of Liu et al. (2008) in the refrac-
tive index of soot (1.6 + 0.6i vs. 1.75 + 0.5i), fractal prefactor
(2.3 vs. 1.6), and wavelength (532 nm vs. 870 nm), none of
these factors seems adequate to explain the potentially different

trends in how aggregate absorption cross-section vary with Df

between our work and that of Liu et al. (2008). Further studies
are required to confirm the trend obtained by Liu et al. (2008) by
generating fractal aggregates of higher fractal dimensions but
with a smaller fractal prefactor.

CONCLUSIONS
The effects of fractal dimension in the range of 1.4 and 2.1 on

the radiative properties of numerically generated monodisperse
fractal soot aggregates of a fixed prefactor of 2.3 at a wavelength
of 532 nm were investigated using the RDG theory and GMM
and an assumed soot refractive index of 1.6 + 0.6i.

The structure factor affects the RDG scattering properties
more significantly with increasing the fractal dimension. The
structure factor of Köylü and Faeth is similar to that of Dobbins
and Megaridis; however, a coefficient is missing in the power-
law regime expression in the structure factor of Köylü and Faeth.
As a result, the structure factor of Köylü and Faeth is not rec-
ommended. The structure factor of Sorensen is recommended
to conduct RDG calculations. RDG predicts the scattering prop-
erties of fractal soot aggregates reasonably well even for fairly
compact aggregates with a fractal dimension of 2.1. However,
RDG fails completely to account for the effect of particle ag-
gregation or the effect of morphological parameters of fractal
soot aggregates on absorption, though the error caused by this
failure is in general less than 15%.

The vertical–vertical differential scattering cross-section is
sensitive to the fractal dimension. When plotted against the scat-
tering angle, the vertical–vertical differential scattering cross-
section decays slower with increasing the fractal dimension.
However, when plotted against qRg it decays faster with in-
creasing the fractal dimension, which is simply due to the fact
that for a given number of primary particles the aggregate radius
of gyration decreases as Df increases.

Results of RDG deviate from those of GMM in all the scat-
tering properties examined. The magnitude of the discrepancy
between RDG and GMM depends on the aggregate size and/or
the fractal dimension. The difference between the RDG and
GMM results is primarily attributed to the primary particle inter-
actions, which are absent in the RDG theory. The primary parti-
cle interactions are responsible for the enhanced absorption and
scattering for small aggregates and the weakened absorption and
scattering for large aggregates. The total scattering cross-section
of soot aggregates increases quite significantly with increasing
the fractal dimension. At a higher fractal dimension, the effect
of primary particle interactions on aggregate absorption cross-
section becomes more important, leading to higher normalized
absorption cross-section for small aggregates and lower normal-
ized absorption cross-section for large aggregates. The effect of
fractal dimension on soot aggregate radiative properties can be
related to its effect on soot aggregate compactness. Because
the fractal prefactor affects the fractal aggregate compactness
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in a similar way as Df, i.e., a large kf leads to a more compact
structure, it is expected that kf affects soot radiative properties
in a qualitatively similar way as Df, which is supported by the
findings of Liu et al. (2009) on the effect of kf on soot radiative
properties.

Further studies are required to extend the range of the fractal
dimension and to uncover the causes for the potential discrepan-
cies between the present results and those published previously
in the literature.
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